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Notations:
If 2 is complex, R (z) and S (x) denote, respectively, the real and imaginary parts of x.
(x,y) denotes the inner product of = and y.

1 Background

Fourier analysis is important in modeling and solving partial differential equations related to boundary
and initial value problems of mechanics, heat flow, electrostatics, and other fields.

1.1 Periodic functions

A function f(x) is called periodic if f(z) is defined for all real z, except possibly at some points, and
if there is some positive number p, called a period of f(x), such that

fl@+p)=f(2)
Remark 1. If p is a period of f(x), then clearly 2p, 3p, ... are also periods of f (x).

The smallest positive period is called the fundamental period.

1.2 Orthogonal decomposition

In vector spaces equipped with inner products, we have the following essential theorem.

Theorem 2. Suppose {e1,es,...,e,} is an orthogonal basis of a vector space V. Then for every
v €V, we have
v, e v, e
v = (v, e1) el+...+wen
<€17 61> <€n7 €n>
or, by using the norm notation,
v, e v, e
v = < ) 12>€1+‘”_|_< ) n2>€n
[lel] |len]]
]
Proof. Let v € V. Because {ey,¢€s,...,¢,} is a basis, there exists scalars «, . .., «, such that

V=161t + apey
Taking the inner product with e; (7 =1,...,n) yields
(v,€j) = (1€ + -+ + anen, €5) = ay (e1,€;) + - + ay (€n, €;)
But the basis is orthogonal, hence (e;,e;) = 0 if i # j. This yields
(arer + - -+ apen, ;) = a; (ej,€5)

1
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and thus

Recall that we have the following fact.

Fact (Inner product for functions, function spaces). The set of all real-valued continuous functions
f(x),g(x),... x €|a,B] is a real vector space under the usual addition of functions and multiplication
by scalars. An inner product on this function space is

B
()= [ f@)gta)ds
and the norm of f is
B
1@l = [ F @

As a very useful special case, the trigonometric system is a function space with orthogonal basis
{sinnz, cosnz, 1} " . To check, we first notice that the functions are all periodic with period 2. The
inner product in this case is

umszmwwm

Noting that, by checking the area under the graphs and noting the shape of sine and cosine functions,
we have

/ cosnzdr =0, Vn=1,2,... (1)

—T

/ sinnxde =0, Vn=1,2,...
This confirms the orthogonality between 1 and sin nx or cos nz. Furthermore, using (1) we immediately
know

™ ™

cos(n+m)x+cos(n—m)x

(cosnx,cosmz) = / cos nx cos maedr = / 5 dz
1 [7 1 ["
=5 [ cos (n+m)zdz + 5 | cos (n —m)zde

=0+0aslongasn#m

namely, cosnz and cosmx are orthogonal if m # n.
Similarly, as long as n # m (by assumption, both m and n are positive integers), sinnz and sinmz
are orthogonal. This is because

m ™

cos (n —m)x —cos(n+m)zx
2

(sinnx,sinmzx) = / sin nx sin maxde = / de =0

-7 —T
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Furthermore, regardless of the values of m and n, we have

™ us

sin (n 4+ m)x +sin(n —m)x

5 dr =10

(sin nx, cos mx) :/ sinnmcosmxda::/

—T —T

So sinnz and cos mx are always orthogonal.

Sketch the plots of sine and cosine functions. You should find the above results intuitive.

To perform the orthogonal decomposition under the trigonometric system, we need just one more
thing—the norms of the basis functions. They are

|| sinnz||* = (sinnz, sinnx) = / (sinnz) dz = / %dx =

—T —T

||cosnx||2:/ (cosnx)zdx:/ %dl’:ﬂ'

—T —T

12 :/ ldz = 27

—T

2 Fourier series

Fourier series is an extension of the orthogonal decomposition reviewed in the last section. Under the
trigonometric system, the orthogonal decomposition of a function f (z)—provided that the decompo-
sition exists (we will talk about the existence very soon)—is

f(x)=ao+ i (@, cosnx + b, sin nx) (2)
n=1
where (2. 1) L
z),1) 1
aO:W_ o 7ﬂf($)dx (3)
and
_ {f(x),cosnx) 1 [7 _ (f(@),sinna) 1 (7 .

In = (cosnx,cosnz) T _Wf@) cosnadz, by = (sinnx,sinnz) T /_ﬂf@) sinnzdr - (4)

(2) is called the Fourier series of f (x). (3) and (4) are called the corresponding Fourier coefficients.

Example 3. Find the Fourier coefficients of

—k if —m<x<0
f(x):{k o ad o) = (@)

Such functions occur as external forces acting on mechanical systems, electromotive forces in electric
circuits, etc.
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(Solution:

4k 1 1
f(x)=—|(sinz+ -sin3z + —sinbz + ...
™ 3 5

)

Theorem 4 (Existance of Fourier Series). Let f (x) be periodic with period 27 and piecewise continuous
in the interval —m < x < m. Furthermore, let f (x) have a left-hand derivative and a right-hand
derivative at each point of that interval. Then the Fourier series of f (x) converges. Its sum is f (x),
except at points x, where f () is discontinuous. There the sum of the series is the average of the left-
and right-hand limits of f (x) at x,.

Hence a periodic function f () = f (x + 27) with
f(x)=1/z, z € [-m, 7]

does not have a Fourier series extension, as it does not have a left- or right-hand derivative at = 0.
A discontinuous periodic function, with period 27 and

f(x):{l’ —nm<x<0

-1, 7#>z>0

is piecewise continuous. At x = 0, it has a left-hand derivative of 0 and a right-hand derivative of 0.
Hence the function has a Fourier series expansion.

2.1 Arbitrary period

The transition from period 27 to period p = 2L can be done by a suitable change of scale. If f (z) has

a period 2L, we let
x
v=—m

L
You can see, that x = £ L corresponds to v = 7. So

is periodic in v with period 27.
Now forget about f (z). Focus just on the new f (£v) with period 2. The Fourier series is

L = .
f (;v) =ag+ Z (ay, cosnv + by, sinnv)

n=1

where

1 [T L 1 (7 L 1 [" L
aw=--1[ [ (—v) dv, a, = —/ f <—U> cosnvdv, b, = —/ / (—U> sinnvdv  (5)
2 J_. T ™) . T ™) _x T

4
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Changing back to the x notation, by using

we have

—ao—i-Z(ancos —x +b, sm%x)

with

—LL/LLf(x)dx, an:%/if()cosn—xdx by, / f(z sm—xdm (7)

Example 5. Find the Fourier series of

0 if —2<x<-—1
f)=<9k if —1l<az<l ,p=2L=4, L=2
0 ifl<xz<?2

Answer:

+2/’{: T 1 3T +1 5% n
- 6082:1: 3C082x 5COS2£L’ )

2.2 Even and odd functions

It turns out that, if f(x) is even or odd, the Fourier series can be significantly simplified. This is

because, if f (x) is an even function, then

L
/ f(z)sinnzdx =0
-L

as the integral of any odd function is zero. Hence in (7) b, = 0 so that (6) simplifies to

> nm
f(x)=ay+ Zancosfx

n=1

Furthermore, since f (x) is even, we have

L . .
_%/Lf(x)dx:%/o f () d, %Z%/Lf(x)cos%xdx:%

Similarly, if f (x) is an odd function, then
L
/ f(z)cosnaxdr =0
-L

5

/Lf( )cosﬂxdx
0

L
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and .
- 2
flz)= ; by, sin n%m, b, = Z/o f (z)sin n%xdm
The following Theorem is intuitive and very useful.

Theorem 6. The Fourier series of a sum fi + fo are the sums of the corresponding Fourier coefficients
of f1 and f5. The Fourier coefficients of cf are ¢ times the corresponding Fourier coefficients of f.

Here is one example of using the results in this subsection.

Example 7 (Sawtooth wave). Find the Fourier series of the function
f@)=z+7nif —m<z<mand f(zx+271) = f(x)
The basic idea is to decompose the function as

fe)=fi(e)+ f2(2), fi(2) =2, fo(z)=m

f1 (z) is an odd function; fo () is an even function. Their Fourier coefficients are simpler to find.

2.3 Application example: ODE with special inputs

Consider a mass spring damper system
2

d

We have learned how to solve the nonhomogeneous ODE if 7 (¢) is a standard function such as sine,
cosine, power functions. Difficulty arises if 7 (¢) is not a smooth function such as

r(t):{wrg if_ﬂ_<t<0,7‘(t—|—271‘):7“(t)

—t+75 fo<t<m

We can solve the problem by decomposing r (t) as a Fourier series and then use linearity of the ODE
to obtain the solution. The solution is actually very interesting. For the case of

d? d
1Y + 0.0553; + 25y = r ()

the solution looks like that in Fig. 1.
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Figure 1: Fig. 277 from [EK]

3 Complex Fourier series

Instead of sin and cos functions, we can use {ej"f’*"};i_oo as the (complex) basis for Fourier series. For
better physical intuitions, we usually write n = w,l. The formula for Fourier series (when it exists) is

o~ (f (@), )
1= 3, e, o ®

Fact (Inner product for complex functions). The set of all complex-valued continuous functions f (z),
g(x), ... x €[, 5] is a complex vector space under the usual addition of functions and multiplication
by scalars. An inner product on this function space is

B8
@ﬂz/g@ﬂ@m

p 2
W@W=¢Mﬂ=ﬁ/ﬁ@ﬂm

Fact 8. ¢/“!* has a norm of \/T, = /27w,
Proof. By definition

' Ts/2 Ts/2
Hejwslw | — <€jwsla:7 ejwsl$> — / |ejwsl1:|2 dr = / dr = /TS
—Ts/2 —Ts/2

The Fourier series expansion (8) hence simplifies to

and the norm of f is

F@) = a2 3 (F (@), i) et

S l=—
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Example 9 (Fourier series of an impulse train). Show that

i d(t—1Ts) = T%g(}é‘”“ﬂ Ws = %

l=—0c0

where ¢ () is the Kronecker-delta function satisfying § () = 1 if z = 0 and ¢ () = 0 otherwise.
Yoo 0(t—1Ty) is periodic with period T;. You can check that e7“s* also has a period of T} if
ws = 2w/ Ts.
For the Fourier coefficients, we have

| 7./2 |
(£, = [ sayesta—1
T, /2
Hence
. 1 « : . 1 & om
E _ - E Jwslt\ Sjwslt .~ § Jwslt _ ="
l=—00 6 (t ZTS) S l=—0 <f (:L‘) ' > ‘ TS =00 ’ e Ts

4  Fourier integral

What can be done to extend the method of Fourier series to nonperiodic functions? This is the idea of
“Fourier integrals.”
Let us consider an example of

f(gg):{l if —l<z<-1 9)

0 otherwise

This is not a periodic function. Construct a rectangular wave

0 f-L<zx<-1
fo(x)=<1 if-1<z<-1, fr(x+2L)= fr(x)
0 fl<z<lL

We are going to make L increase from some small numbers to infinity, which recovers (9).
The function is even. The Fourier coefficients are
I 1 1 /1 nwx 2 /1 nwx 2 sin (nmw/L)
0

a4 = 57 3 T= =g 71(308 7 de=7 | cos——dr =+ /L

As L increases, the frequency of sin (nm/L) increases.
More generally, consider any periodic function f7, (z) of period 2L that can be represented by

fu(r)=ao+ Y _[ancosw,r + b, sinw,a], w, = %

n=1
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where

1 [t 1 [t nm L[t nm
—L/_Lf(x)dx, an—z/_Lf(a:)cosTxdx, bn—z/_Lf(x)smedx

or, in the notation of the newly introduced w,, = nw/L:

o0

1 b 1 L L
fo(z) = 5T /_L fr(v)dv + 17 Z {coswnx /_L fr (v) coswyvdv + sinw, /_L fr (v) cos wyvdv

n=1
(10)
Notice that if we define

Aw=wpi1 —Wp ===

aw
™

SIE
ST

then (10) is actually

fr $ 2L/ fL
+ — Z[chos Wn /fL ) cos wpvdv + Aw sin (wy,x /fL ) coswpvdv|  (11)

We want to have an understanding of the case when L — oo. Assume that f (z) = limy_, f1 ()
is absolutely integrable, i.e. the following finite limit exists

b
lim Lﬂ)Mx+gp/menm
> Jo

a——00

Then
&&ﬁ/ﬁ

Let g (w) = cos (wx) f_LL fr (v) coswvdv. The first summation in (11) is

ZAwg(wn) =g (w1) Aw+ g (w2) Aw + . ..

n=1

As Aw =m/L — 0 if L — oo, the last term in (11) thus looks like an integration

f(z)= %/000 {COS wx /00 f (v) coswvdv + sinwzx /OO f (v) cos wvdv] dw
/ f (v) cos wuduv, / f (v) sinwvdv

/ )coswx + B (w) sinwz] dw
0

Letting

yields

This is called a representation of f (x) (no longer periodic) by a Fourier integral.

9
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Remark 10. The above construction is only an intuition. Nonetheless, the conclusion is correct.

Theorem 11 (Existance of Fourier Integral). If f (x) is piecewise continuous in every finite interval
and has a right hand derivative and a left-hand derivative at every point and if the integral

0 b
lim / yf<x>ydx+blggo/o \f (2)] do

a——0o0

exists, then f (x) can be represented by a Fourier integral

f(z) = /000 [A (w) coswz + B (w) sinwz] dw (12)

with

Aw) = %/OO f (v) coswvdv, B(w) = %/OO f (v) sinwvdv (13)

At a point where f (x) is discontinuous the value of the Fourier integral equals the average of the left-
and right-hand limits of f (x) at that point.

5 Fourier transform

With the Fourier integral formulas (12)-(13), we have
f(x)= / [A (w) coswz + B (w) sinwz] dw
0

_ % /O b / Z £ () [cos (wv) cos (we) + sin (wv) sin (wz)] dvduw

:%/OOO U:f(v)cos(wx—w)dv] dw

Note that [ f (v) cos (wz — wv) dv is even in w. Hence

%/Ooo [/(:f(v)cos(wx—wv)dv} dw:%/(: [/Zf(v)cos(wx—wv)dv du

To simplify the equations, we add an integral term that equals 0:

{/_Zf(v)isin(wx—wv)dv} Qo= 0. i = v

1 oo

2 ) o

where the equality comes from the fact that ffooo f (v)sin (wzr — wv) dv is an odd function of w.
Adding up the last two equations gives

f(x)= % /_OO {/_@0 f(v) ei”(x_”)dv] dw =10
10



X. Chen Fourier Analysis September 29, 2019

or, equivalently

flz)= \/%/00 F (w) e dw
1 = —iwv _L - T e—iwm T
F(w)ZE/mf(v)e dv—@/mm a

F (w) is called the Fourier transform of f (z); f (z) is the inverse Fourier transform of F'(w). The
above are often denoted as:

F(w)=F(f(2), f(x) =F " (F(w)

Remark 12. Many people prefer to use a different normalization coefficient, and write:

Fay= [ F e

™

F(w)= QL/ f(z) e ™“dx

Theorem 13 (Existance of Fourier transform). If f (x) is absolutely integrable on the x-axis and
piecewise continuous on every finite interval, then the Fourier transform of f (x) exists.

Example 14. Find the Fourier transform of

f(x):{l’ 7| < 1

0, otherwise

Solution: By definition

1 e 1 4 - \/?sinw
F w - e*lwxdx - e*lw _ elw — _
() V2T /_1 —iw 27r( ) 2 w

6 *Discrete Fourier analysis

Fourier series (FS) and Fourier transforms (FT) apply only to continuous-time functions. Discrete
Fourier series (DFS) and discrete Fourier transform (DFT) are their discrete versions when the function
f (z) is defined at finitely many points. The main equations are summarized below. You can find the
strong analogy between FS and DFS; as well as FT and DFT. For more details, see the reference [AQ].

6.1 Discrete Fourier series

A periodic bounded discrete sequence 7 [n] has a discrete Fourier series (DFS) expansion

F[n] = X[k]ed Tk (14)
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where the unnormalized DFS coefficients are

DFS properties Let 7 [n] and X [k] be defined as in (14) and (15

T[n]e™ ok (15)

). Then

Sequence | DFS coefficient
i X
5:[2n —m] e’{Wﬂka[k}
Nz [n) i X[lf —1] i
Fln] = > Ba[mFaln — m] | Xs[k] = Xu[k] - Xo[k]
X [n] Nz[—k] (duality)

6.2 Discrete-time Fourier transform (DTFT)

A bounded infinite sequence x [n] can be decomposed as

=

1 ) )
= —/X(ej“’)e]“mdw
T

where X (/%) is called the DTFT of x [n] and is defined as

o0

X(e) = Y afkle

k=—00

Let z* [n] denote the complex conjugate sequence of  [n]. If X (e/*) is the DFT of x [n], then the

following is true

Sequence \ DTFT coefficient
*[n] Xr(e™)
v [=n] X ()
(l’[n] 2*[n]) /2 RAX ()}
(z[n] = [ D/(25) | S{X(¢)}
€ —Jwno 5[n4— 0]
elonyn] X'(eﬂ(wfwo))
x[n] = a"u[n] X(e) = ——

12
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6.3 Discrete Fourier transform (DFT)

A bounded sequence z [n] defined on n € {0,..., N — 1} can be decomposed as

sl {N 3 X[

0
where X k] is the DFT of z [n] and is defined as

X[K]

n=0
0

DFT properties

kn

{NZ[n]

nef{0,...,N—1}
., n¢{0,...,N—1}

, ke{0,....N—-1}
, ke¢{0,....,N—1}

e the DFT pair x[n] +— X|[k| (finite-length x [n]) is analogous to the DFS pair Z[n] «— X[k

(infinite-length periodic 7 [n])
e if z[n] is real, then X (k) = X*[N — k]
e if N > L, then DFT are samples of DTFT

N-1

o let 21 [n|Mas [n] :== > xi[m]za[(n —m) mod NJ|. Then zy [n]Maxe[n] «— X;[k] Xz [k]

m=0

o if 2[n] = z[((—n))n]

e DFT coefficient table:

z[N — n], then X[k]| is real

Sequence \ DFT coefficient
z[n] X [K]
z*[n] X*[((=Fk))n]
(=) XTH]
z[n)el? b N X[(k — £) mod NJ
z[((n — €))n] X[k]e 7N
R(z[n]) AX((R)w] + X [((=F))n]}
S(z[n]) AX((R)n] — X [((=F))n]}
sAan] + 2 [((=n))n]} R(XT[k])
s1zln] — 2 [((=n))n]} JS(X[K])
sizln] + z[-n]} Y neo 2] cos(ZEn)
zln] € R X[k] = X*[N — K]

Reference

[EK]: ERwin Kreyszig, Advanced Engineering Mathematics, 10th edition
[AO]: Alan Oppenheim et al., Discrete-time Signal Processing, 2nd edition
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