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Goals of feedback

~1 ~0 ~0

Can’t do well on both!
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Tradeoffs#3

Sensitivity Function:

Complementary Sensitivity Function:

Fundamental Constraint:

S = (1 + PC)�1
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Magnitude of a typical sensitivity function S=1/(1+PC)
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Error-amplification region
(Waterbed Effect)

Loop shaping#4

S defines the tracking 
and disturbance rejection
performances 

e = Syd
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High-gain feedback
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High-gain feedback
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small gain in S
çè
high gain in PC

S = (1 + PC)�1
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High-gain feedback
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Typical high-gain 
control for performance
at low frequency

Typical low-gain 
control for robustness
at high frequency

S = (1 + PC)�1
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Local high-gain feedback
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S = (1 + PC)�1
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Bode’s Integral
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Typical feedback design
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Bode’s Integral
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Typical feedback design

|S=(I+PC)-1|

x-axis in linear scale
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Bode’s Integral
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Theorem. Let S(s) = 1/(1+L(s)). If L(s) and 
S(s) are both rational and stable. Then
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Bode’s Integral
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Theorem. Let S(s) = 1/(1+L(s)). If L(s) and 
S(s) are both rational and stable. Then

Special Case: If the relative degree of 
L(s) is larger than or equal to 2, then

1

⇡

Z 1

0
ln |S (j!) |d! = 0
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Magnitude of a typical sensitivity function S=1/(1+PC)
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Error-rejection
region 

Error-amplification region
(Waterbed Effect)

Bandwidth limitation#6

Hence it is inevitable to have the error-amplification region.
Waterbed effect: pushing down S in one region causes amplification in some other region.

Recall:

Bode’s Integral:
1

⇡

Z 1

0
ln |S (j!) |d! = 0
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Waterbed Effect
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So to achieve this,



Waterbed Effect
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So to achieve this, this might happen…
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General Bode’s Integral
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Theorem. Let S(s) = 1/(1+L(s)). If L(s) and 
S(s) are both rational, S(s) is stable, and 
L(s) has unstable or imaginary unstable 
poles . Then

Proof: complex analysis, analytic 
functions, Cauchy Integral.

{pk}qk=1
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Limitations from unstable zeros

• Example: P = sPelseè constant inputs can’t 
impact the output

• More consequences:
– S always has magnitudes larger than one:

Closed-loop stability èS is analytic in the right-half plane
maximum modulus theoremè

#7

P (�o) = 0
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Limitations from unstable zeros

• Example: P = sPelseè constant inputs can’t 
impact the output

• More consequences:
– S always has magnitudes larger than one
– Not able to perform accurate system ID
– High-gain instability
– Step responses can have initial undershoot
– etc

#7
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Resonance and anti-resonance
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- Typical in mechanical systems.
- Usually identified experimentally.
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Notch filtering: one common technique to handle resonances 

Fundamental constraint in notch filtering: introduces phase delays to the system
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Magnitude-phase relationship#8

Theorem (Bode’s Phase Formula). If L is a 
minimum-phase continuous-time transfer 
function, then its phase is uniquely defined 
by its gain, according to

\L (j!) =

Z 1

�1

d ln |L (e⌫!)|
d⌫

 (⌫) d⌫
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Slope of magnitude response

Theorem (Bode’s Phase Formula). If L is a 
minimum-phase continuous-time transfer 
function, then its phase is uniquely defined 
by its gain, according to

\L (j!) =

Z 1
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d ln |L (e⌫!)|
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 (⌫) d⌫
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Magnitude-phase relationship#8

Slope of magnitude response

Theorem (Bode’s Phase Formula). If L is a 
minimum-phase continuous-time transfer 
function, then its phase is uniquely defined 
by its gain, according to

\L (j!) =

Z 1

�1

d ln |L (e⌫!)|
d⌫

 (⌫) d⌫
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Approximately an impulse at 0
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Theorem (Bode’s Phase Formula). If L is a 
minimum-phase continuous-time transfer 
function, then its phase is uniquely defined 
by its gain, according to
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Discrete-time plant delay#9

y(k + 1) = f(u(k), u(k � 1), . . . )
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Discrete-time plant delay#9

There is always at least 
one-step delay in 
discrete-time systems!

y(k + 1) = f(u(k), u(k � 1), . . . )
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Bandwidth and rise time: practical application
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Step response of a high-order 
closed-loop system

Actual system 
frequency response



• Rule of thumb:
– Sampling frequency           10 ~ 20 bandwidth (in Hz)

Sampling-time selection#11

X. Chen11 Tools in Feedback Control
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• Rule of thumb:
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Sampling-time selection
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• Rule of thumb:
– Sampling frequency           10 ~ 20 bandwidth (in Hz)
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Intuition: 20 = the number of letters in “sampling frequencies”
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Sampling-time selection: example

Example:

#11

P = k

<latexit sha1_base64="0tV/0lOANZhmxGRaZkxPS/YXcLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtS8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9FC/HvXKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3Xr24P6/UbvI4inAEx3AKHlxCDe6gDg1gMIBneIU3RzovzrvzMW8tOPnMIfyB8/kD9FONlA==</latexit>

C =
!2
n

s2 + 2!ns

1

k

<latexit sha1_base64="0NUTvsj8PsJfmqhCYYM/k3RXmlg=">AAACGHicbVDLSgMxFM34rPVVdekmWARBqDNDRTdKoRuXFewDOtOSSTNtaJIZkoxQhn6GG3/FjQtF3Hbn35i2I2jrgcDhnHO5uSeIGVXatr+sldW19Y3N3FZ+e2d3b79wcNhQUSIxqeOIRbIVIEUYFaSuqWakFUuCeMBIMxhWp37zkUhFI/GgRzHxOeoLGlKMtJG6hYvqjRdKhFMv4qSPuqLjjlPVceE5dH8kqMazDHTgsFso2iV7BrhMnIwUQYZatzDxehFOOBEaM6RU27Fj7adIaooZGee9RJEY4SHqk7ahAnGi/HR22BieGqUHw0iaJzScqb8nUsSVGvHAJDnSA7XoTcX/vHaiw2s/pSJONBF4vihMGNQRnLYEe1QSrNnIEIQlNX+FeIBMB9p0mTclOIsnL5OGW3LKpcv7crFym9WRA8fgBJwBB1yBCrgDNVAHGDyBF/AG3q1n69X6sD7n0RUrmzkCf2BNvgGzH57o</latexit>

S =
s2 + 2!ns

s2 + 2!ns+ !2
n

<latexit sha1_base64="THzKDnBetpJMO34qQcbr8sKS8J8=">AAACI3icbVDLSsNAFJ34rPUVdelmsAiCUJJQUQSl4MZlRfuAJg2T6aQdOpmEmYlQQv/Fjb/ixoVS3LjwX5y2EbT1wMC559zLnXuChFGpLOvTWFpeWV1bL2wUN7e2d3bNvf2GjFOBSR3HLBatAEnCKCd1RRUjrUQQFAWMNIPBzcRvPhIhacwf1DAhXoR6nIYUI6Ul37y8v3JDgXAmOw48hY4bR6SHfA7laFHS1U/RcUa+WbLK1hRwkdg5KYEcNd8cu90YpxHhCjMkZdu2EuVlSCiKGRkV3VSSBOEB6pG2phxFRHrZ9MYRPNZKF4ax0I8rOFV/T2QoknIYBbozQqov572J+J/XTlV44WWUJ6kiHM8WhSmDKoaTwGCXCoIVG2qCsKD6rxD3kY5M6ViLOgR7/uRF0nDKdqV8dlcpVa/zOArgEByBE2CDc1AFt6AG6gCDJ/AC3sC78Wy8GmPjY9a6ZOQzB+APjK9vj4aiYg==</latexit>

T =
!2
n

s2 + 2!ns+ !2
n

<latexit sha1_base64="8kooQBcl5FmrbLNT+vH7GkSsPpU=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0UQhJLUim6UghuXFfqCJg2T6aQdOpmEmYlQQj/Ejb/ixoUiblwI/o3TNkJtPXDhzDn3MvceP2ZUKsv6NnIrq2vrG/nNwtb2zu6euX/QlFEiMGngiEWi7SNJGOWkoahipB0LgkKfkZY/vJ34rQciJI14XY1i4oaoz2lAMVJa8szz+rUTCIRTJwpJH3m8Wx6nsluGZ7D8K0GpX3O+ZxatkjUFXCZ2RoogQ80zP51ehJOQcIUZkrJjW7FyUyQUxYyMC04iSYzwEPVJR1OOQiLddHrcGJ5opQeDSOjiCk7V+YkUhVKOQl93hkgN5KI3Ef/zOokKrtyU8jhRhOPZR0HCoIrgJCnYo4JgxUaaICyo3hXiAdJZKZ1nQYdgL568TJrlkl0pXdxXitWbLI48OALH4BTY4BJUwR2ogQbA4BE8g1fwZjwZL8a78TFrzRnZzCH4A+PrB665oHo=</latexit>



Sampling-time selection: example

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
0

0.2

0.4

0.6

0.8

1

1.2

1.4

 

 

Time (sec)

Am
pl

itu
de

DT: F
s
 = 6*BW

CT

Sampling frequency = 6 x bandwidth

#11



Sampling-time selection: example

0 0.002 0.004 0.006 0.008 0.01 0.012
0

0.2

0.4

0.6

0.8

1

1.2

1.4

 

 

Time (sec)

Am
pl

itu
de

DT: F
s
 = 10*BW

CT

Sampling frequency = 10 x bandwidth

#11



Sampling-time selection: example
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Related active research field

• Flexible loop shaping
• Vibration rejection and motion control
• MIMO loop shaping
• Delay compensation
• Adaptive control
• Nonlinear control and breaking the waterbed 

effect


