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Hysteresis Modeling and Direct Inverse Compensation Based on
Dynamic Time Warping

Zidong Liu' and Xu Chen-!

Abstract— Actuators based on smart materials often exhibit
severe hysteresis nonlinearity. This paper proposes a hysteresis
modeling method and a direct inverse model based on the
Dynamic Time Warping (DTW) algorithm by analyzing the
time-domain characteristics of the input and output signals of
actuators with hysteresis. Unlike traditional methods that in-
volve modeling hysteresis loops and solving their inverse models,
this study uses DTW to align the input and output signals in
the time domain, capturing their temporal discrepancies. An
index matrix is introduced to quantify the delay of the output
signal relative to the input signal, enabling highly efficient
and convenient modeling of hysteresis. The proposed hysteresis
model eliminates the need for inverse model computation.
Instead, inverse compensation can be achieved simply by using
one row of the index matrix obtained during the identification
process. Experimental results validate the proposed methods,
demonstrating their high accuracy and convenience for model-
ing asymmetric hysteresis and feedforward compensation.

Index Terms— hysteresis nonlinearity, dynamic time warping,
feedforward compensator, motion control

I. INTRODUCTION

Nonlinearity of hysteresis is widely observed in actua-
tors based on smart materials [1]-[3], such as piezoelec-
tric actuators [1], magnetostrictive actuators [2], and shape
memory alloys [3]. The hysteresis effect introduces a strong
nonlinearity in the input-output relationship of these actua-
tors, significantly degrading their positioning performance.
To mitigate the non-linearity of hysteresis, it is typically
necessary to first establish a hysteresis model and then derive
its corresponding inverse hysteresis model for feedforward
compensation [4]. Over many years of development, hys-
teresis models can be broadly classified into phenomenology-
based models, such as the Prandtl-Ishlinskii (PI) model [5],
and physics-based models, such as the Jiles-Atherton (JA)
model [6]. In precision motion systems such as piezoelectric
actuators [7], giant magnetostrictive actuators (GMA) [8],
and reluctance actuators [9], phenomenological models are
commonly used to describe hysteresis behavior due to their
convenience in integrating with control frameworks. The
most common phenomenology-based hysteresis models are
operator-based models, such as the Preisach model [10],
the PI model [5], and their various modifications and ex-
tensions [11]-[15]. However, these operator-based hysteresis
models typically require solving an inverse model to obtain
the inverse hysteresis loop. This inversion process is often
cumbersome and imposes a significant computational burden.
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The essence of hysteresis lies in the material’s physical
properties, which cause the output to always lag behind the
input in the time domain. Our central finding is that, by
a special quantification and recording of this time-domain
lag, hysteresis can be effectively modeled. More specifically,
we reveal that Dynamic Time Warping (DTW) [16], a dy-
namic programming algorithm used to measure the similarity
between time series, can align two time series and record
their alignment order in an index matrix, leading to a new
approach of modeling the input and output signals of hys-
teresis. Furthermore, for an ideal inverse hysteresis model,
the inverse hysteresis curve is symmetric to the hysteresis
curve about the diagonal line [4]. This means that the degree
of input lag relative to output in the hysteresis model is
identical to the degree of input lead relative to output in the
inverse hysteresis model. We show that this relationship can
be fully represented using DTW. Specifically, when DTW
aligns two time series A and B, it generates a two-row
index matrix, where one row stores the alignment order
of A relative to B and the other row stores the alignment
order of B relative to A. Thus, DTW enables direct inverse
hysteresis modeling without the need to solve the inverse
model explicitly, making it highly efficient and convenient
for hysteresis compensation.

Figure 1 summarizes the algorithmic realization of the
proposed novel framework for hysteresis modeling and in-
verse compensation, consisting of a DTW-based hysteresis
model (DTW-HM) and a DTW-based direct inverse hys-
teresis model (DTW-DIHM). Compared with conventional
approaches, the proposed DTW-HM and DTW-DIHM offer
several key advantages. First, they provide high modeling
accuracy, with theoretical errors governed by the signal
sampling step size — higher sampling rates yield denser
data, improving the likelihood of precise mapping. Second,
unlike many operator-based models constrained to symmetric
hysteresis loops, DTW-HM effectively handles asymmet-
ric hysteresis. Finally, the method enables direct inverse
compensation without requiring an explicit solution for the
inverse model, making it highly efficient and convenient.

The main contributions of this paper are as follows: 1) We
analyze the time-domain behavior of hysteresis loops and
reveal that the output signal consistently lags the input with
a nearly periodic delay, and that the lag magnitude remains
similar across different input amplitudes at a fixed frequency.
2) Leveraging these time-domain characteristics, we propose
a novel DTW-based hysteresis model along with a direct
inverse compensation method, both of which offer high
modeling accuracy and are straightforward to implement. 3)
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The proposed methods are validated through experiments on

a GMA system, demonstrating their effectiveness and show-

casing their potential for practical engineering applications.
II. PRELIMINARIES

A. Dynamic Time Warping
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Fig. 2: An example of dynamic time warping involving
two time series datasets in (a), and the minimum Euclidean
distance between aligned time series over all permissible
temporal alignments in (b).

Consider two time series A = {aj, a2, -+ ,a,} and B =
{b1,b2,- - ,b} of lengths n and m, respectively. DTW
aligns time series with temporal distortions by identifying
an optimal warping path using dynamic programming, as
shown in Fig. 2. DTW computes and stores the distance
between any two points in the time series in the distance
matrix D, «m, as shown in Fig. 3, where each element of
the distance matrix is defined as

D(i, j) = llai — bjll,,, Q)

where a; and b; represent the i-th element and j-th element
of A and B, respectively. Subscript w specifies the norm
used (e.g. w = 2 for the Euclidean distance).

To compute the DTW distance between A and B, an op-
timal warping path P should be determined. The warping
path is defined as

L PK Y 2

where K satisfies max(n,m) < K < n + m — 1. Each
element pj, in the warping path corresponds to an element in
the distance matrix Dy, ,, that is, p, = (i, 7)., representing

Poest = {p1,p2, -

the alignment between a; and b;. The cost of each alignment
is denoted as D(py) = D(4, j),.
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Fig. 3: The process of dynamic time warping.

The warping path must satisfy the following conditions:

« Boundary condition: The path starts at the first element
of both time series, py = (1,1), and ends at the last
element, px = (n,m).

o Monotonicity: if p, = (i,7) and pg+1 = (¢',5’), then
i >dand j > j.

o Continuity: if p,, = (i,5) and prr1 = (¢/,7'), then
i <i+1and j7 < j+ 1, ensuring that all points in
each time series are used sequentially.

Among all valid warping paths, the optimal warping path
minimizes the cumulative distance, defined as

DTW (A, B) = min {Z D(pk)} . (3)

k=1

To compute (3), dynamic programming is used to construct
a cumulative cost matrix 7, where each element is defined
as

v(i,5) = D(i,j) + min ¢ ~(i —1,7), “4)
’Y(/Laj - 1)7

where ¢ = 1,2,---.n, j = 1,2,--- ,m. The initial con-
ditions are (0,0) = 0, v(4,0) = ~(0,j) = oo. Here,
~(4,7) represents the cumulative distance at position (i, j),
calculated as the sum of D(i, j) and the minimum cumulative
distance of its neighboring elements. Thus, ~y(n, m) repre-
sents the minimum cumulative cost between the time series
A and B, and DTW (A, B) = ~(n,m). To reconstruct the
optimal warping path, a backtracking is performed starting
from px and moving in reverse through the cost matrix, as
illustrated in Fig. 3. The process ends when ¢ = 57 = 1 and
pr(i,7) = (1,1), yielding the complete warping path.
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B. Hysteresis in the Time Domain

Hysteresis is often represented and studied using the for-
mat shown in Fig. 4a, which illustrates the actual hysteresis
characteristic and its ideal input-output linear relationship.
The particular data here is between the input current ¢ and
output displacement d for a GMA system. The slope k
between the displacement d and the current ¢ can be obtained
by calculating

ko — max(d) — min(d). 5)

max(i) — min(i)

Subsequently, we can derive a normalized displacement d,,
by

which has the same amplitude range as the current ;. By
plotting the current ¢ and the normalized displacement d,,
over time, as shown in Fig. 4b, it becomes more intuitive to
observe the hysteresis characteristic between the input and
output. Moreover, the ideal linear input-output relationship
requires the normalized displacement d,, to overlap with the
current . This aligns well with the purpose of DTW, which
excels at mapping one time series onto another through
optimal alignment paths.
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Fig. 4: Example hysteresis loop and hysteresis in the time

domain: (a) actual hysteresis and ideal linear input-output
mapping; (b) hysteresis in the time domain.
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Fig. 5 illustrates the hysteresis loops between the output
displacement and the sinusoidal current input of the GMA
at 20 Hz. We define the relative width of the loop as

hmax

max(d) — min(d)]
where hp,.x represents the difference between the two dis-
placement values in the widest part of the hysteresis loop
in Fig. 4a. The higher the value of hyiqn, the rounder the
hysteresis loop, indicating a higher degree of output delay
relative to the input in the time domain. In contrast, the
smaller the value of hyjqm, the closer the hysteresis loop to
linearity and the smaller the degree of lag in output relative
to input. It can be observed that, at the same frequency, the
relative loop width Ayiqn for sinusoidal inputs of different
amplitudes shows little difference. This indicates that the
degree of lag at the same frequency remains consistent.
This consistency plays a crucial role in simplifying the
identification process of hysteresis models.
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Fig. 5: Hysteresis of the GMA under sinusoidal current
inputs of varying amplitudes at 20 Hz.

III. PROPOSED HYSTERESIS MODELING AND DIRECT
INVERSE COMPENSATION BASED ON DYNAMIC TIME
WARPING

A. Hysteresis Modeling Based on Dynamic Time Warping

1) Obtaining input-output data from actuators with hys-
teresis: To achieve the optimal mapping relationship between
the input and output of the hysteresis effect, it is necessary
first to measure a set of input-output data for identification
purposes. This data is used in the DTW to derive the optimal
warping path P described in (2).

2) Displacement normalization: To effectively use DTW,
we normalize the displacement d (output data) according
to (5) and (6). This normalization process scales the dis-
placement data proportionally to match the range of the
current ¢ (input data). The normalized displacement d,, is
then obtained, and its lag relative to the current ¢ in the time
domain can be illustrated using Fig. 4b.

3) Dynamic time warping (identification process): To
accurately fit the hysteresis relationship, DTW is performed
between the current ¢ and d,, to obtain the distance matrix
Dy, «m and the optimal DTW path P, as shown in Fig. 3.

A two-row index matrix Py i is defined for Py, with
rows representing the index mappings of time series A
(current ¢) and B (d,), respectively. As shown in Fig. 3, in
the DTW path, diagonal and vertical steps advance the index
of A, while horizontal steps repeat it; conversely, diagonal
and horizontal steps advance B, while vertical steps repeat it.
For the hysteresis shown in Fig. 4b, to fit the hysteresis and
obtain the hysteresis model, ¢ and d,, are aligned via DTW.
Duplicate indices in the second row of Ps»y i are removed,
keeping the first occurrence. Corresponding entries in the
first row are also removed to yield Psx . Finally, a new
current trajectory ¢4y is generated by reordering ¢ according
to the first row of Psy i1, aligning it with d,, as shown in
Fig. 6a.

4) Inverse normalization of displacement: By multiplying
iqw With the slope k from (5), the hysteresis model output
Hgwy, is obtained, as shown in Fig. 6b. From Fig. 5, the
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Fig. 6: DTW hysteresis mapping in the time domain and
DTW hysteresis modeling. (a) DTW hysteresis mapping in
the time domain. (b) DTW hysteresis modeling.
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relative width hy;qn Of the hysteresis loops remains nearly
constant across different amplitudes at the same frequency,
indicating consistent lag behavior. Therefore, for sinusoidal
signals at the same frequency, DTW needs to be performed
only once to obtain the index matrix Psy . This matrix can
then be reused across amplitudes by scaling the output with
the corresponding slope k, enabling accurate modeling while
minimizing repeated identification.

B. Direct Inverse Compensation Based on Dynamic Time
Warping

The main goal of hysteresis modeling is to enable effec-
tive compensation for nonlinearities. Unlike traditional mod-
els that require solving inverse operators, the DTW-based
method directly yields an inverse model. As shown in Fig. 1,
the proposed DTW-DIHM takes the designed trajectory digeal
as the input, and outputs the pre-compensation current 4output,
which, when applied to the physical system, produces the
desired displacement d. This inverse model is constructed by
swapping the axes of the current-normalized displacement
curve, effectively mirroring the hysteresis loop across the
diagonal, as illustrated in Fig. 7.
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Fig. 7: Illustration of the hysteresis loop and the inverse

hysteresis loop.

The direct inverse model can be efficiently constructed
using the DTW algorithm. After DTW is applied to an initial

set of experimental data, the resulting index matrix Psx i can
be reused to map the normalized ideal displacement d, jgear tO
a leading pre-compensation current ¢oupu- The key principle
is that gy should lead d jgeal by the same degree that d,,
lags behind the current ¢ in the hysteresis model. This inverse
mapping and output sequence are directly obtained using the
existing P» . More specifically, we have

1) Hysteresis modeling based on DTW: First, the index
matrix Ps. x should be obtained following the DTW hys-
teresis modeling process.

2) Normalization of the ideal displacement trajectory:
The ideal displacement trajectory, which represents the target
tracking trajectory, is normalized according to (6) to obtain
the normalized ideal trajectory dy igeal-

3) Output the current according to the index matrix: The
direct inverse model of hysteresis corresponds to the mirrored
current-normalized displacement relationship, as shown in
Fig. 7. It is also evident that the required pre-compensation
current Goupye leads the normalized ideal displacement d jgeal
to the same degree that the normalized displacement d,, lags
behind the current ¢ during the identification process at the
same frequency. The normalized ideal displacement d jgeal
and the required pre-compensation current Zoypye are shown
in the time domain in Fig. 8a.
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Fig. 8: Inverse hysteresis and DTW-based direct inverse
hysteresis model. (a) Inverse hysteresis in the time domain.
(b) DTW-based direct inverse hysteresis model.

For the inverse hysteresis model used in feedforward
control, the identification index matrix Po»y g is used to map
a standard sinusoidal signal (normalized ideal displacement
dnideat) to a signal that leads in the time domain (pre-
compensation current éoupu. However, unlike the previous
use of the index matrix Py, in this case, time series A
(the second row of Ps»y ) represents the pre-compensation
current fouput, and time series B represents the normalized
ideal trajectory dy igeal-

After removing duplicate indices, the resulting refined in-
dex matrix P, o allows generation of the pre-compensation
current Zoupy that closely aligns with the normalized ideal
trajectory, as shown in Fig. 8b.

IV. EXPERIMENTS AND RESULTS
A. Experimental Setup

We utilized a GMA system with significant hysteresis
effects as the experimental setup, as illustrated in Fig. 5.
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To evaluate the performance of DTW-based hysteresis mod-
eling, we applied sinusoidal current signals of two different
amplitudes at a fixed frequency (20 Hz) as inputs: i1(t) =
0.5 x sin(20 - 27 - t) (A), i2(t) = 0.8 x sin(20 - 27 - t) (A).
The results were compared with the PI model to validate the
effectiveness of DTW-HM.

To test the feedforward hysteresis compensation capability
of DTW-DIHM, two sinusoidal trajectories with different
amplitudes at a fixed frequency (20 Hz) were designed as
input to the DTW-DIHM: z1(¢) = 20 x sin(20- 27 -¢) (um),
x2(t) = 25x5sin(20-27-t) (um). The results were compared
with the PI inverse hysteresis model (PH-IHM) to assess the
performance of the hysteresis compensation.

The index matrix Psy i used in both experiments was
derived from a hysteresis loop, where the input was the
first 1.75 cycles of a sinusoidal current signal ¢ = 0.7 X
sin(20 - 27 - t) (A), totaling 875 samples at a 10 kHz
sampling rate, and the output was the corresponding mea-
sured displacement. The DTW alignment was performed
using the Euclidean distance as the similarity metric and
a symmetric step pattern. In addition, root mean square

error (RMSE: (/% 77 Je(t)[?) and maximum absolute
error (MAE: max |e(t)|) were used as evaluation metrics to
quantify the performance of hysteresis modeling and inverse
compensation.

B. Experimental Results & Analysis of Hysteresis Modeling

Fig. 9 and Fig. 10 show the hysteresis modeling results
and errors for two different input currents. The related
performance evaluation metrics (from 0 to 0.875 s) are
recorded in Table I.

For the 71 signal, as shown in Fig. 9a, the PI hystere-
sis model demonstrates significant limitations in prediction
accuracy, especially at the peak amplitude. In contrast, DTW-
HM exhibits much higher accuracy in predicting hysteresis
for this signal, which is further confirmed in Fig. 9b. Fur-
thermore, as presented in Table I, the RMSE of the DTW
hysteresis model is slightly more than half that of the PI
hysteresis model, and its MAE is also smaller. These results
indicate that DTW-HM has a significant advantage over the
PI model in predicting the hysteresis behavior.
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Fig. 9: Hysteresis loops and corresponding errors under a
0.5A, 20Hz input current: (a) hysteresis loops, (b) modeling
errors.

For the 75 signal, it is evident from Fig. 10a that the predic-
tion results of DTW-HM align more closely with the actual

hysteresis data compared to the PI model. This is particularly
noticeable during the first 0.25 cycle of the sinusoidal current
signal, where the hysteresis behavior differs slightly from
that in subsequent cycles, showing a weaker lag. For the PI
hysteresis model, which relies on fixed operators, this poses
challenges in accurately capturing the hysteresis behavior.
In contrast, the DTW-HM offers significant advantages due
to its flexibility. It can simultaneously perform dynamic
time warping for the first 0.25 cycles and the subsequent
cycles. This demonstrates the clear advantage of DTW-HM
in capturing the unique hysteresis characteristics of the initial
phase and maintaining a high prediction accuracy.
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Fig. 10: Hysteresis loops and corresponding errors under a

0.8A, 20Hz input current: (a) hysteresis loops, (b) modeling
errors.
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TABLE I: Performance measures of hysteresis modeling

Input current Model RMSE (um) MAE (um)
; PI 0.682 1.347
1 DTW-HM 0.384 0.876
) PI 0.447 1.453
2 DTW-HM 0.301 0.697

C. Experimental Results & Analysis of Hysteresis Inverse
Compensation

For the two different sinusoidal displacement trajectories,
the corresponding hysteresis compensation results and errors
are shown in Fig. 11 and Fig. 12, respectively. The related
performance evaluation metrics (from 0 to 0.875 s) are
summarized in Table II.

For the x; trajectory, as shown in Fig. 11a, DTW-DIHM
demonstrates better compensation accuracy than PI-IHM,
especially at peak positions. As observed in Fig. 11b, its
input-output relationship follows the 45° line more closely,
indicating a higher linearity. In contrast, the inverse PI model
exhibits noticeable deviations, mainly due to less accurate
slope estimation during identification. Table II further con-
firms this, with DTW-DIHM showing significantly lower
RMSE and more consistent compensation performance.

For the x5 trajectory, DTW-DIHM demonstrates a more
significant advantage over PI-HIM. As shown in Fig. 12a, PI-
HIM exhibits noticeably larger deviations at the initial time
compared to DTW-DIHM. From Fig. 12b, it is evident that
the compensation results of DTW-DIHM almost perfectly
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TABLE II: Performance measures of hysteresis inverse com-
pensation

Designed trajectory  Inverse model ~RMSE (um) MAE (um)
PI-HIM 0.788 1.522
o DTW-DIHM 0.294 1.297
PI-HIM 0.471 1.762
2 DTW-DIHM 0.169 0.942
=
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Fig. 11: Inverse compensation trajectories and effects for the
designed trajectory x1. (a) Inverse compensation trajectories.
(b) Inverse compensation effects.

overlap with the 45 ° line, whereas PI-HIM shows significant
deviations when the amplitude exceeds zero. Furthermore,
as indicated in Table II, the RMSE of DTW-DIHM is only
0.169 um, which is substantially lower than the 0.471 pum
of PI-HIM. Similarly, the MAE of DTW-DIHM is also much
smaller than that of PI-HIM. These results highlight the ab-
solute advantages of DTW-DIHM in terms of compensation
accuracy and linearity.
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Fig. 12: Inverse compensation trajectories and effects for the
designed trajectory zo: (a) inverse compensation trajectories,
(b) inverse compensation effects.

V. CONCLUSION

This paper proposes the DTW-HM and DTW-DIHM meth-
ods for hysteresis modeling and feedforward compensation
in actuators with hysteresis effects. We have analyzed the
delay characteristics of hysteresis in the time domain and
applied the concept of DTW for time series alignment to
the modeling and compensation of hysteresis. Compara-
tive experiments with the PI hysteresis model and PI-IHM
demonstrate that DTW-HM and DTW-DIHM are highly
effective and accurate for asymmetric hysteresis modeling
and inverse compensation. While the proposed DTW-based

approach has been demonstrated using sinusoidal trajectories,
its structure is applicable to any periodically repeated or pre-
defined reference signals.
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